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Cartesian and Spherical Coordinates in 3D

Spherical Coordinates in 3D

® Input: a point P € E*(R)
® Qutput: the Cartesian and spherical coordinates of P

® A point can have different representations:
® spherical coordinates:

r=1|0P| s r=/x24+y2 + 22 ~

_ X
0 =/,.x, 0P wcosQ:\/Tiyz
. y
~sinf) = ———
VX2 +y? P:(')",e,w)
6 = atan2 1
B ~ atan (yz,x) w _( s )
v =Lz, OP ww:arccos; "y T
® Cartesian coordinates:
. @)
x = r-cosf -siny Y
0

y=r-sinf - siny

z=r-cos
® The conversion follows from: |OXT*\ = cosd,

Y [oP*| _ =
=X =sinf, and =—— =siny )
[OP*| r @
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Rotation in 3D about an Arbitrary Line

Rotation in 3D about an Arbitrary Line

® Input: aline p = (P,s), an angle ¢, and an object X (e.g. a point)
® Qutput: the image of X after rotation about p
® Rotation «~ composition of transformations:

O align p with a coordinate axis (e.g. the Z-axis)

@ apply the rotation R, ()
P=(r,0,)

@ restore p to its original position

Procedure: S
O aligning p— Z: 2/}
@ translation P — P’ ~» p+— p’ (P’ = 0) L/ T
O rotation R,(—0) into the xz-plane
® rotation R, (—1) within the xz-plane o)
@ rotation R,(¢) 5 N Yy
~
N

@ restoring p to its original position: Z +— p:
@ rotation Ry () = inverse transformation of I.(c)
O rotation R,(0) = inverse transformation of I.(b)
@ translation P’ — P ~+ p’ — p = inverse X
transformation of I.(a)
® Result: six 4 X 4 matrix multiplications and one multiplication by a 4 x 1 vector

X'=Tp_0-R:(0) Ry(¢¥) R:(0) Ry(=1)) Re(=0) - To_p-X
m=r-t 1. I @
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Quaternions

Quaternions — Derivation and Definition

e C ~ R?* Cartesian product = complex numbers
z=(a,b)eER’~a-1+b-i  where " =—1
z=|z|-(cosp + isinp) = |z| - ¥
® H ~ C?: Cartesian product = hypercomplex numbers (Hamilton)
qa=(a+b-i,c+d-)eC’~ (a+b-i)-14+(c+d-i)-j=
at+b-i+c-j+d-i-j=
at+b-i+c-j+d-k

where P =2 =k*=i-j-k=-1

q = |q| - (cos + @isin ) = |q| - €™
where U = (u1, tp, u3) = w1i + upj + usk is a purely imaginary unit quaternion
® multiplication of the imaginary units is k
noncommutative:

Pj=k=—ji,

jok=i=—k-j,

k~i:j:—i-k ; j (é\’
' &
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Quaternions

Quaternions — Notation and Operations

® notation:
a+bl+C_j+de (a,b,c,d) = (q07q15q27q3) =.q

® addition:
q+q’:(qo+q6,q1+q1,Q2+qg7Q3+q§)

® multiplication by a scalar r € R:
r-q=(r-qo,r-qu,r-qr-qs)
® quaternion multiplication:
q-9 = (qo+ qui + q2j + qsk) - (qo + q1i + qaj + q3k) =
=(q@ g—q G —q - gp—0gs-qs)- 1+
+(Qo gGi+q-qo+aq - qs—q-q) i+
+(q-B+q q+qg-qi—aq-gs)j+
+(q-gs+a-qo+q-gp—q-qr) -k

%@
@
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Quaternions

Quaternions — Properties

® conjugate quaternion:
a=q+qi+qj+gk ~ q=q+d
A =q-—qi—q@i—gk ~ q =q—§

where § = (q1, g2, g3)
® properties of conjugate quaternions:

(@) =a,
a-9"=q" -q,
(P-a)"=q"-p,
if go = 0, then q is purely imaginary

® norm (length):
lall=v/a@+ad+aéB+dE=Vva-a=vaq" -q

® normalization « unit quaternion (q # 0):

Q= =3
lal va-a
® inverse (reciprocal) quaternion (q # 0):
a_q 1 q- q- q’ o
q = ot - - @)
o “a"aa  (Vaar laP &
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Quaternions

Quaternions — Definition of the Rotation Operator Lg()

® quaternion multiplication (alternative form):

— -

Pa = (po, B) - (g0, G) = pogo — B - G+ poG + qoP + P X G

where B = (p1, p2, p3) and G = (q1, 92, G3)
® the rotation operator Ly() associated with a quaternion q, applied to a vector ¥V € R*:

Lo(V) :=qvq" = ...
= (6 — 1l1°)¥ + 2(G - V)G + 240( x V)

where q is the unit quaternion

= +H—cosg+sing"
4=qo+§ = cos i

and i has unit length, i.e. ||d] =1
Note: we rotate the vector vV through an angle 8 about the axis with direction vector u.

@
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Quaternions

Quaternions — Procedure for Rotation in 3D

® Input: an object X (e.g. a point), a line p = (P, i), and a rotation angle 0
® Qutput: the image X' of X after rotation through @ about the line p
® Preparation:

assume that p 3 0(0,0,0) (otherwise translate both X and P by @ and, after the rotation,
translate the result back by OP)
represent the coordinates of the object X as a vector v:
X=(xy,z) ~ v:i=X
encode the axis of rotation (the line p) as a purely imaginary unit quaternion qu:
- i

u= ———,

@l
— construct a purely imaginary unit quaternion q, from 4:

U= (ux,uy,u;) ~> Qu:i= ugi + uyj+ uk

construct the quaternion qup and its conjugate q, so that the rotation operator Lq() defined
above can be applied:

— normalize the direction vector i of p :

0 .0 . . o .0 .
Quo “=Cos_ +sin—Qu=0qo+§,  dup:=cos —sin_Qu=qo—

® Procedure (rotation of ¥ about the line p):

apply the rotation operator to V using the quaternions constructed in step 4:
X' = aquovagy = (a5 — 1G11°)¥ +2(d - ¥)d + 2q0(G x V)
the image X’ of the object X then has coordinates
A N KB)
X' =y, 2) &
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Quaternions

Quaternions — Matrix Representation of Rotation in 3D

® Every unit quaternion q corresponds to a rotation matrix Mq
~ the same rotation can be performed by matrix multiplication
~ well suited for a graphics transformation pipeline

® Input: a point X = (x,y,z) and the quaternion constructed for rotation about the line
p (previous slide):

0 .0
Qug ‘= COs 5 +sin Equ = (q07 qi, gz, q3)

Output: the image X’ of X after rotation through @ about the line p
Preparation: construct the general rotation matrix

1-2(¢5+03) 2(q192 — qoa3)  2(q1G3 + Gog2)
Mq = | 2(q1q2 + qogs) 1—2(qi +3) 2(q2q3 — qoqn)
2(q195 — 0q2)  2(q293 + qoq1) 1 —2(qf + ¢5)
® Procedure:
X' = Mg - X
! ’ NT T /! ’ ’ ’
(X,y72) :MCI'(Xay7Z) ~ X:(X>y7z)
Note: If p # O, translate both the point X and the axis p by ﬁ before applying the p

. . )
matrix. After the rotation, translate the result back by OP. \%&
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Quaternions

Quaternions — Rodrigues’ Rotation Formula

® A vector V can be rotated through an angle 6 about a unit vector i using
V' = Vcosf+ (i x V)sinf + i(id - V)(1 — cos ),
Equivalently, the matrix form of Rodrigues’ rotation formula is
(V)" =RV,
where R is the rotation matrix
R=1+Usinf + U*(1 — cosb)

and U is the skew-symmetric matrix

0 —-u u Vi uyV; — UzVy,

T T

U= uy 0 —ux | where Uv =U Vy| = Uz — uxvz | = (u X V) .
—u, Uy 0 vz UxVy — Uy Vx

® This yields the rotation matrix
cos @ + u2(1 — cos ) uxuy(1 —cosf) — usinf  uxu (1 — cos) + uysinf

R= | uyu(l—cosf)+ u,sinf cosf + uZ(1 — cos6) uyu,(1 — cos@) — uxsinf
uyux(l —cosO) — uysin®  uruy, (1 — cosf) + uysinf cosf + uZ(1 — cos 9@
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