
ω = [x, y, z], x2 + y2 + z2 = 1

ω = [θ, φ]; θ ∈ [0, π]; φ ∈ [0, 2π]

θ = arccos z

φ = arctan
y

x
x = sin θ cosφ

y = sin θ sinφ

z = cos θ

dω = dA
cos θ

r2

dω = sin θ dθ dφ

Φ(S, t) =
dQ(S, t)

dt

E(~x) = B(~x) =
dΦ(~x)

dA~x

I(ω) =
dΦ(ω)

dω

L(~x, ω) =
d

2

Φ(~x, ω)

dA~x dω cos θ
=

dI(ω)

dA~x cos θ
=

dE(~x)

dω cos θ

E(~x) =

∫
Ω

L(~x, ω) cos θ dω

I(ω) =

∫
A~x

L(~x, ω) cos θ dA~x

Φ(~x) =

∫
A~x

E(~x) dA~x =

∫
A~x

∫
Ω

L(~x, ω) cos θ dω dA~x

I(ω) = I0 cos](ω, ~d) = I0(ω · ~d)

I(ω) =

{
I0 ](ω, ~d) < τ

0 otherwise

fr(ωi → ωo) =
dLo(ωo)

dE(ωi)
=

dLo(ωo)

Li(ωi) cos θi dωi

fr(θi, φi; θo, φo) = fr(θi, φi + φ; θo, φo + φ) = fr(θi, θo;φo − φi)

Lo(ωo) =

∫
Ω

fr(ωi → ωo)Li(ωi) cos θi dωi

B

E
=

∫
Lo(ωo) cos θo dωo∫
Li(ωi) cos θi dωi

=

=

∫ (∫
fr(ωi → ωo)Li(ωi) cos θi dωi

)
cos θo dωo∫

Li(ωi) cos θi dωi
≤ 1

ρ(ωo) =

∫
Ω

fr(ωi → ωo) cos θi dωi

1



fr(ωi → ωo) = fr,d

Lo(ωo) = fr,d

∫
Ω

Li(ωi) cos θi dωi = fr,d E

ρd = π fr,d

ωo = ωr = 2(ωi · ~n)~n− ωi

Lo(ωo) = F (ωi)Li(ωi) = F (ωo)Li(ωi)

fr(ωi → ωo) = F (ωi)
δ(ωi − ωo)

cos θi
= F (ωi)

δ(cos θi − cos θo)δ(φi − φo ± π)

cos θi

ηi sin θi = ηo sin θo

ηio =
ηi
ηo

ωo = −ηioωi −
(
ηio cos θi +

√
1− η2io(1− cos2 θi)

)
~n

θi = arcsin

(
ηo
ηi

)

Lo = Li

(
ηo
ηi

)2

ft(ωi → ωo) =

(
ηo
ηi

)2

(1− F (ωi))
δ(ωi − ωo)

cos θi
= . . .

Fs =

∣∣∣∣ηi cos θi − ηo cos θo
ηi cos θi + ηo cos θo

∣∣∣∣2
Fp =

∣∣∣∣ηi cos θo − ηo cos θi
ηi cos θo + ηo cos θi

∣∣∣∣2
F =

Fs + Fp

2

Lo(ωo) = Li(ωi) (kd cos θi + ks cos
n θr)

cos θi = ωi · ~n; cos θr = ωo · ωr

fr(ωi → ωo) = kd + ks
cosn θr
cos θi

fmodif
r (ωi → ωo) =

ρd
π

+
ρs
2π

(n+ 2) cosn θr; ρd + ρs ≤ 1

ωh =
ωi + ωo

||ωi + ωo||

fr(ωi → ωo) =
F (θi)G(ωi, ωo)D(ωh)

4 cos θi cos θo

D(ωh) = e−
θ2h
m2 ; θh = ](ωh, ~n)

2



D(ωh) =
1

πm2
(ωh · ~n)

2
m2 −2

D(ωh) =
1

πm2

1

(ωh · ~n)4
e

(ωh·~n)2−1

m2(ωh·~n)2

D(ωh) =
m2

π ((ωh · ~n)2(m2 − 1) + 1)
2

G(ωi, ωo) = min
{
1,

2(ωh · ~n)(ωo · ~n)
(ωo · ωh)

,
2(ωh · ~n)(ωi · ~n)

(ωo · ωh)

}
G(ωi, ωo) = G(ωi)G(ωo)

G(ωi) =
2(ωi · ~n)

(ωi · ~n) +
√
m2 + (1−m2)(ωi · ~n)2

G(ωo) =
2(ωo · ~n)

(ωo · ~n) +
√
m2 + (1−m2)(ωo · ~n)2

F (θi) = F (0) + (1− F (0))(1− cos θi)
5; F (0) =

∥∥∥∥ηi − ηo
ηi + ηo

∥∥∥∥2

fr(ωi → ωo) =
ρ

π
(A+Bmax(0, cos(θi − θo)) sinα tanβ)

A = 1− σ2

2(σ2 + 0.33)
; B =

0.45σ2

σ2 + 0.09
; α = max(θi, θo); β = min(θi, θo)

~N =

∑n
i=1

~Ni∥∥∥∑n
i=1

~Ni

∥∥∥
IX = (1− v) [(1− u) · IA + u · IB ] + v [(1− u) · IC + u · ID]

IAB = IA
y −By

Ay −By
+ IB

Ay − y

Ay −By
; A = [Ax, Ay]; B = [Bx, By]

IAC = IA
y − Cy

Ay − Cy
+ IC

Ay − y

Ay − Cy
; A = [Ax, Ay]; C = [Cx, Cy]

IX = IAB
(AC)x − x

(AC)x − (AB)x
+ IAC

x− (AB)x
(AC)x − (AB)x

; X = [x, y]

~NX = (1− v)
[
(1− u) · ~NA + u · ~NB

]
+ v

[
(1− u) · ~NC + u · ~ND

]
~NAB = ~NA

y −By

Ay −By
+ ~NB

Ay − y

Ay −By

~NAC = ~NA
y − Cy

Ay − Cy
+ ~NC

Ay − y

Ay − Cy

~NX = ~NAB
(AC)x − x

(AC)x − (AB)x
+ ~NAC

x− (AB)x
(AC)x − (AB)x

I = (IR, IG, IB)
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Iλ = Iλa k
λ
d +

m∑
i=1

fatt
i Iλi

[
kλd cos θi + kλs cosn θr

]
=

= Iλa k
λ
d +

m∑
i=1

fatt
i Iλi

[
kλd (

~N · ~Li) + kλs (
~Ri · ~V )n

]
=

≈ Iλa k
λ
d +

m∑
i=1

fatt
i Iλi

[
kλd (

~N · ~Li) + kλs (
~N · ~Hi)

n
]

for λ = R,G,B

p : P (t) = P0 + t · ~p1; t ∈ [0, 1]

α : x · nx + y · ny + z · nz +D = 0; ~n = [nx, ny, nz]

p ∩ α : t = −(~n · P0 +D)/(~n · ~p1)

α(u, v) = P + u · ~u+ v · ~v; ~u = [ux, uy, uz]; ~v = [vx, vy, vz]; ~n = ~u× ~v

u · ux + v · ~vx = x− Px

u · uy + v · ~vy = y − Py

u = ?, v = ?

0 ≤ u, v ≤ 1

0 ≤ u, v, u+ v ≤ 1

p : P (t) = P0 + t · ~p1; t ∈ [0, 1]

t0 = (~v · ~p1); ~v = S − P0

D2 = (~v · ~v)− t20

t2 = R2 −D2

X =


P (t0) if t2 = 0

P (t0 + t) ∪ P (t0 − t) if t2 > 0

∅ otherwise

K ·B +

K∑
i=1

piIi
?
<

K∑
i=1

Ii

cosα ≥

√
1− R1 +R2

‖S1 − S2‖

Pr(X ∈ D) =

∫
D

p(x) dx

Pr(a < X ≤ b) =

∫ b

a

p(t) dt

P (x) ≡ Pr(X ≤ x) =

∫ x

−∞
p(t) dt
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E[X] =

∫
D

~x p(~x) d~x

V [X] = E[(X − E[X])2] = E[X2]− E[X]2

V

[∑
i

Xi

]
=
∑
i

V [Xi]; V [aX] = a2V [X]

if Y = f(X) then E[Y ] =

∫
D

f(~x)p(~x) d~x

if I =

∫
f(~x) d~x then 〈I〉 = 1

N

N∑
i=1

f(ξi)

p(ξi)
and E[〈I〉] = I for ξi ∝ p(~x)

Fprim =
f(X)

p(X)

V [Fprim] = σ2
prim = E[F 2

prim]− E[Fprim]2 =

∫
f(~x)2

p(~x)
d~x− I2

If FN =
1

N

N∑
i=1

f(Xi)

p(Xi)
then E[FN ] = E

[
1

N

N∑
i=1

f(Xi)

p(Xi)

]
=

1

N
E

[
N∑
i=1

f(Xi)

p(Xi)

]
=

1

N
·N · I = I

V [FN ] = V

[
1

N

N∑
i=1

f(Xi)

p(Xi)

]
=

1

N2
N · V

[
f(Xi)

p(Xi)

]
=

1

N
V [Fprim]

β = Q− E[FN ]

Pr
{

lim
N→∞

FN (X1, . . . XN ) = Q
}
= 1

lim
N→∞

β[FN ] = lim
N→∞

V [FN ] = 0

E(~x) =

∫
Ω

L(~x, ωi) cos θi dωi

p(ω) =
1

2π
; FN =

1

N

N∑
k=1

L(~x, ωi,k) cos θi,k
p(ωi,k)

=
2π

N

N∑
i=1

Li(~x, ωi,k) cos θi,k

p(ω) =
cos θ

π
; FN =

1

N

N∑
k=1

L(~x, ωi,k) cos θi,k
p(ωi,k)

=
π

N

N∑
i=1

Li(~x, ωi,k)

E(~x) =

∫
A~x

L(~y → ~x)V (~y ↔ ~x)
cos θy cos θx

‖~y − ~x‖2
dA~x

p(~y) =
1

|A~x|
; FN =

|A~x|
N

N∑
k=1

L(~yk → ~x)V (~yk ↔ ~x)
cos θy,k cos θx

‖~yk − ~x‖2

Lo(~x, ωo) =

∫
Ω

fr(~x, ωi → ωo)L(~x, ωi) cos θi dωi

p(ωi); FN =
1

N

N∑
k=1

fr(~x, ωi,k → ωo)L(~x, ωi,k) cos θi,k
p(ωi,k)
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Lo(~x, ωo) =

∫
A~x

fr(~y → ~x → ωo)L(~y → ~x)V (~y ↔ ~x)
cos θy cos θx

‖~y − ~x‖2
dA~x

p(~y) =
1

|A~x|
; FN =

|A~x|
N

N∑
k=1

fr(~y → ~x → ~z)L(~yk → ~x)V (~yk ↔ ~x)
cos θy,k cos θx

‖~yk − ~x‖2

p(ω) =
p(θ, φ)

sin θ
while

∫
Ω

p(ω) dω = 1

p(θ, φ) = p(θ)p(φ|θ) where p(θ) =

∫ 2π

0

p(θ, φ) dφ and p(φ|θ) = p(θ, φ)

p(θ)

P (θ) =

∫ θ

0

p(θ′) dθ′ ; P (φ|θ) =
∫ φ

0

p(φ′|θ) dφ′

θ = P−1(ξ1), φ = P−1(ξ2|ξ1) where ξ1, ξ2 ∈ unif(0,1) and P (θ), P (φ|θ) are cdf

If r1, r2 ∈ unif(0,1) and p(ω) =
cos θ

π
then

θi = ](ωi, ~n); θr = ](ωr, ωo)

fmodif
r (ωi → ωo) =

ρd
π

+
ρs
2π

(n+ 2) cosn θr; ρd + ρs ≤ 1

θ = arccos(
√
r2)

φ = 2πr1

x = cos(2πr1)
√
1− r2

y = sin(2πr1)
√
1− r2

z =
√
r2

if r1, r2 ∈ unif(0,1) and p(ω) =
n+ 1

2π
cosn θ then

θ = arccos

(
r

1
n+1

2

)
φ = 2πr1

x = cos(2πr1)

√
1− r

2
n+1

2

y = sin(2πr1)

√
1− r

2
n+1

2

z =

√
r

1
n+1

2

I =

∫
f(~x) d~x =

∫
[f(~x)− g(~x)] d~x+

∫
g(~x) d~x

If I =

∫
Ω

f(~x) d~x =

N∑
i=1

∫
Ωi

f(~x) d~x =

N∑
i=1

Ii then 〈Istrat〉 =
1

N

N∑
i=1

f(Xi), Xi ∈ Ωi

F =

N∑
i=1

1

Ni

Ni∑
k=1

wi(Xi,k)
f(Xi,k)

pi(Xi,k)
;

N∑
i=1

wi(Xi,k) = 1 for all i, k

E[F ] =

N∑
i=1

1

Ni

Ni∑
k=1

∫
Ωk

wi(~x)
f(~x)

pi(~x)
pi(~x) d~x =

∫
Ω

N∑
i=1

wi(~x)f(~x) d~x =

∫
Ω

f(~x) d~x

6



If ŵi(Xi,k) =
Nipi(Xi,k)∑
j Njpj(Xi,k)

then F̂ =

N∑
i=1

1

Ni

Ni∑
k=1

Nipi(Xi,k)∑
j Njpj(Xi,k)

f(Xi,k)

pi(Xi,k)
=

N∑
i=1

Ni∑
k=1

f(Xi,k)∑
j Njpj(Xi,k)

Lo(~x, ωo) = Le(~x, ωo) +

∫
Ω

fr(~x, ωi → ωo)Li(~x, ωi) cos θi dωi ; Li(~x, ωi) = Lo(r(~x, ωi),−ωi)

L(~x, ωo) = Le(~x, ωo) +

∫
Ω

fr(~x, ωi → ωo)L(r(~x, ωi),−ωi) cos θi dωi

L(~x, ωo) = Le(~x, ωo)+

∫
M

fr(~y → ~x → ωo)L(~y → ~x)V (~y ↔ ~x)
cos θy cos θx

‖~y − ~x‖2
dA~y where M are scene surfaces

fr(~y → ~x → ωo) =
ρ(~x)

π

L(~x, ωo) = Le(~x, ωo) +
ρ(~x)

π

∫
M

L(~y → ~x)V (~y ↔ ~x)G(~y ↔ ~x) dA~y ; G(~y ↔ ~x) =
cos θy cos θx

‖~y − ~x‖2

B(~x) = Be(~x) +
ρ(~x)

π

∫
M

B(~y)V (~y ↔ ~x)G(~y ↔ ~x) dA~y

B(~x) = Be(~x) +
ρ(~x)

π

N∑
k=1

(
Bk(~y)

∫
A~y,k

V (~y ↔ ~x)G(~y ↔ ~x) dA~y,k

)

If Bi(~x) =
1

|A~x,i|

∫
A~x,i

B(~x) dA~x,i then:

Bi(~x) =
1

|A~x,i|

∫
A~x,i

(
Be(~x) +

ρ(~x)

π

N∑
k=1

(
Bk(~y)

∫
A~y,k

V (~y ↔ ~x)G(~y ↔ ~x) dA~y,k

))
dA~x,i =

= Be,i(~x) +
ρi(~x)

π

N∑
k=1

(
Bi,k(~y)

1

|A~x,i|

∫
A~x,i

∫
A~y,k

V (~y ↔ ~x)G(~y ↔ ~x) dA~y,k dA~x,i

)
=

= Be,i(~x) + ρi(~x)

N∑
k=1

Bi,k(~y)Fi,k(~x, ~y) where Fi,k(~x, ~y) =
1

|A~x,i|

∫
A~x,i

∫
A~y,k

V (~y ↔ ~x)G(~y ↔ ~x)

π
dA~y,k dA~x,i

Bi = Be,i + ρi

N∑
k=1

Bk · Fi→k

L(~x, ωo) = Le(~x, ωo) +

∫
Ω

fr(~x, ωi → ωo)L(r(~x, ωi),−ωi) cos θi dωi

(T ◦ L)(~x, ωo) ≡
∫
Ω

fr(~x, ωi → ωo)L(r(~x, ωi),−ωi) cos θi dωi

L(~x, ωo) = Le(~x, ωo) + (T ◦ L)(~x, ωo)

L = Le + T ◦ L = Le + (T ◦ (Le + T ◦ L)) = Le + T ◦ Le + T 2 ◦ L

L = Le + T ◦ (Le + T ◦ (Le + T ◦ (Le + · · · = Le + T ◦ Le + T 2 ◦ Le + T 3 ◦ Le + . . .

L = (I − T )−1 ◦ Le where (I − T )−1 = I + T + T 2 + . . .

L =

n∑
i=0

(T i ◦ Le) + Tn+1 ◦ L

7



If lim
n→∞

Tn+1 ◦ L = 0 then L =

∞∑
i=0

(T i ◦ Le)

F ′ =

{
F
q ξ < q (probability q)

0 otherwise (probability 1− q)

E[F ′] = E

[
F

q

]
· q + 0 · (1− q) = E[F ] where F is an estimator

q = ρ(~x) or q = min

{
1,

fr(~x, ωi → ωo) cos θi
p(ωi)

}
p(ωi) ∝ fr(~x, ωi → ωo) cos θi

p(ωi) =
fr(~x, ωi → ωo) cos θi∫

Ω
fr(~x, ωi → ωo) cos θi dωi

=
fr(~x, ωi → ωo) cos θi

ρ(ωo)

Lo(~x, ωo) =

∫
Ω

fr(~x, ωi → ωo)Le(r(~x, ωi),−ωi) cos θi dωi

p(ωi); FN =
1

N

N∑
k=1

fr(~x, ωi,k → ωo)Le(r(~x, ωi,k),−ωi,k) cos θi,k
p(ωi,k)

Lo(~x, ωo) =

∫
A~x

fr(~y → ~x → ωo)Le(~y → ~x)V (~y ↔ ~x)
cos θy cos θx

‖~y − ~x‖2
dA~x

p(~y) =
1

|A~x|
; FN =

|A~x|
N

N∑
k=1

fr(~y → ~x → ~z)Le(~yk → ~x)V (~yk ↔ ~x)
cos θy,k cos θx

‖~yk − ~x‖2

p1(ω) =
cos θx
π

, p2(ω) =
1

|A~x|
‖~y − ~x‖2

cos θy
; w1(ω) =

p1(ω)

p1(ω) + p2(ω)
, w2(ω) =

p2(ω)

p1(ω) + p2(ω)

F comb
N =

1

2N

2N∑
k=1

fr(~x, ωk → ωo)Le(r(~x, ωk),−ωk)

1
π + 1

|A~x|
‖~y−~x‖2

cos θy

W (~x, ωo) = We(~x, ωo) +

∫
Ω

fr(~x, ωi → ωo)W (r(~x, ωi),−ωi) cos θi dωi

I(~x, ω) =

∫
M

∫
Ω

We(~x, ω)Li(~x, ω) cos θ dω dA~x

L(~x → ~x′) ≡ L(~x′, ωi); L(~x′ → ~x′′) ≡ L(~x′, ωo); fr(~x → ~x′ → ~x′′) ≡ fr(~x′, ωi → ωo)

L ~(x′ → ~x′′) = Le(~x′ → ~x′′) +

∫
M

fr(~x → ~x′ → ~x′′)L(~x → ~x′)G(~x ↔ ~x′) dA~x

Ij =

∫
M

∫
M

W j
e (~x → ~x′)L(~x → ~x′)G(~x → ~x′) dA~x dA~x′ for sensor j

Ij =

∫
P
fj(x̄) dµ(x̄) where x̄ = x0x1 · · ·xk and

fj(x̄) = Le(x0 → x1)G(x0 → x1)

k−1∏
i=1

[(fr(xi−1 → xi → xi+1)G(xi → xi+1)]W
j
e (xk−1 → xk)

〈Ij〉 =
fj(x̄)

p(x̄)
where p(x̄) = p(x0 . . . xk) =

k∏
i=0

p(xi)

8



F comb =
∑
s≥0

∑
t≥0

ws,t(x̄s,t)
fj(x̄s,t)

ps,t(x̄s,t)
where ws,t(x̄s,t) =

p2s(x̄s,t)∑s+t−1
i=0 p2i (x̄s,t)

Bi = Be,i + ρi

N∑
j=1

Bj · Fi→j

Fi→j =
1

Ai

∫
Ai

∫
Aj

V (~x ↔ ~y)G(~x ↔ ~y)

π
dAj dAi where G(~y ↔ ~x) =

cos θi cos θj

‖~x− ~y‖2

Ei ≡ Be,i
1− ρ1F1,1 −ρ1F1,2 · · · −ρ1F1,N

−ρ2F2,1 1− ρ2F2,2 · · · −ρ2F2,N

· · · · · · · · ·
−ρNFN,1 −ρNFN,2 · · · 1− ρNFN,N



B1

B2

· · ·
BN

 =


E1

E2

· · ·
EN


Fi→j

∼=
∑
q∈J

∆Fq

∆F1 =
∆A

π(x2
1 + y21 + 1)2

, ∆F2 =
z2∆A

π(x2
2 + z22 + 1)2
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